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We study a system of two charged non-rotating black holes separated by a strut. Using the exact
solution of the Einstein–Maxwell equations, which describes this system, we construct a consistent
form of the first law of thermodynamics. We derive thermodynamic parameters related to the strut
in an explicit form. The intensive thermodynamical quantity associated with the strut is its tension.
We call the corresponding extensive quantity the thermodynamical length and we provide an explicit
expression and interpretation for it.
I. INTRODUCTION
The discovery of a thermodynamic nature of black
holes [1, 2] connected together two different branches
of physics and drastically changed our understanding of
spacetime and its relationship to quantum field theory.
It has lead to a prediction of a mechanism of black hole
evaporation due to the Hawking radiation [3] and has lead
to new interesting puzzles as well (see [4] for a review).
Typically, the black hole thermodynamics is formu-
lated for a class of static (or stationary) spacetimes con-
taining a black hole. These spacetimes are character-
ized by a set of parameters such as a mass of the black
hole, charge, angular momentum, etc. We can under-
stand these parameters, as well as any function of these
parameters, as observables on the space of spacetimes—
on the thermodynamical space of states.
Among these observables, the important role plays the
total mass of the spacetime, which in the case of a simple
black hole, is directly its mass. In more general situa-
tions (e.g., not asymptotically flat spacetimes, cosmolog-
ical context, etc.) its definition can be more problematic.
However, there exist several approaches how to identify
the total mass, see e.g. [5]. The presence of a black hole
(or, in general, of any horizon) in the spacetime allows
to define the entropy of the black hole as a quarter of
the horizon area, and the Hawking temperature as the
surface gravity on the horizon divided by 2pi. Depending
on the complexity of spacetimes in the consideration, the
black hole (and the whole spacetime) is characterized by
further quantities.
The thermodynamics then formulates relations among
these parameters. The first law of the thermodynamics
relates a variation of the total mass in terms of a selected
set of independent observables, where this set typically
contains the entropy S. The variation of the mass then
contains the “heat” term TdS with the Hawking temper-
ature T . Such a law reflects a non-trivial dependence of
the total mass on other thermodynamical observables.
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In the simplest case of the charged rotating asymp-
totically flat black hole the first law relates the mass,
interpreted as the total energy E , with entropy S, charge
Q and angular momenta J as
dE = TdS + ΦdQ+ ΩdJ . (1.1)
It is not surprising that the change of energy E can be
written in terms of independent variations of quantities
characterizing the system. The non-triviality of the first
law lies in the fact that the corresponding intensive quan-
tities have a clear physical interpretation: T is the Hawk-
ing temperature, Φ is the potential on the horizon, and
Ω is the angular velocity.
This observation has been generalized in many direc-
tions. A notion of horizon thermodynamics was proposed
[6]. It was also generalized to all kinds of black hole hori-
zons, null surfaces, and cosmological horizons [7–11].
Recently, many works [11–15] paid an attention to
black holes with anti-de Sitter asymptotic, i.e., to the
situation with a negative cosmological constant. It was
proposed [12–14] that the cosmological constant can be
also understood as a thermodynamical quantity, namely,
that it can be interpreted as a pressure, P = − Λ8pi . The
associated extensive variable is then called the thermo-
dynamic volume V . However, it turns out that, on the
thermodynamics side, the mass of the black hole in this
situations corresponds to the enthalpy H rather than to
the energy E . Namely, the first law can be written as
(see, e.g., [14, 16])
dH = TdS + ΦdQ+ ΩdJ + V dP . (1.2)
It contains additional “work” term associated with the
cosmological constant. Clearly, with the pressure–volume
interpretation, this term has a form characteristic for the
enthalpy in the standard thermodynamics.
One could be cautious about the interpretation of the
cosmological constant as a pressure and about words as
enthalpy in the black hole context. However, let us em-
phasize, that regardless this interpretation, the first law
(1.2) is highly non-trivial. It states, that there exists a
quantity P , which complements other standard quanti-
ties S, Q, and J in such a way that a variation of the
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2mass with respect to the entropy S with other quantities
fixed is given by the Hawking temperature T ; a variation
with respect to the charge Q with other variables fixed
gives the electric potential on the horizon; etc. If we
supplemented the standard observables S, Q, J by a dif-
ferent arbitrarily chosen observable, the variations would
not be given by the standard quantities T , Φ, Ω. The
existence of V dP term follows from a non-trivial integra-
bility condition. And the fact, that P is up to a factor
the cosmological constant, is even more satisfactory.
A similar discussion appears also in other contexts.
People considered black holes in different backgrounds
characterized by various extra parameters: beside the
mentioned AdS black hole [12] they studied, for example,
Taub-NUT spacetimes [17, 18], magnetized black holes
[19], or C-metrics describing accelerated black holes in
asymptotically flat or AdS spacetimes [5, 15, 20, 21].
In all these generalized situations one has to extend
the first law by additional terms corresponding to new
ingredients of the system. For example, for a black hole
interacting with a cosmic strings one has to include terms
` dµ¯ [15, 20] corresponding to each piece of the string.
Here µ¯ is the tension of the string and ` is the conju-
gate variable called the thermodynamic length [15, 20].
Similarly to the discussion of the cosmological constant
interpreted as a pressure, the existence of the first law
with these additional `dµ¯ terms is non-trivial and it re-
flects the integrability property of the system.
All systems with cosmic strings discussed in this con-
text contain strings piercing a black hole and stretching
up to infinity [22, 23]. Because the string is described
by a conical singularity these spacetimes are not exactly
asymptotically flat or AdS and the black hole may not
be considered as an isolated system. It causes various
problems with a definition of the total mass and requires
some kind of renormalization of the parameters of the
infinite system.
Therefore, it would be interesting to study a suffi-
ciently complicated, but isolated, system of black holes
with a nicely behaving asymptotic. A natural candidate
is a pair of black holes kept in the equilibrium by an ad-
ditional interaction: for example, by the electromagnetic
field, and/or by a material object between them.
The solutions of the Einstein equations describing a set
of neutral black holes along an axis kept in equilibrium
by a thin strut between them is known for long time [24–
27]. There were attempts to generalize it to the charged
case perturbatively [28] or to the rotating case [29]. Later
these have been generalized to higher dimensions and/or
quadratic gravity [30, 31]. Physical properties of a pair
of identical black holes with opposite charges (black di-
holes) have been studied in detail by Emparan and Teo
[32, 33], where they managed to find out a compact ex-
pression for the horizon area and the surface gravity of
the components. Later this dihole solution was general-
ized to the case of arbitrary masses and electric charges
of the black holes [34, 35]. If one of the component is
naked singularity instead of black hole, then an equi-
librium configuration without a string (strut) has been
found [36, 37]. The metric describing two charged black
holes looks very complicated, nevertheless very simple
formulae for the horizon areas and their surface gravi-
ties have been found [38]. Recently a series of papers
appeared, where these results have been generalized to a
pair of charged rotating black holes [39–42].
In this paper we study the exact solution of the Ein-
stein equations (without cosmological constant) which
describes a pair of electrically charged not-rotating black
holes localized at a finite distance. Equilibrium of this
system is achieved by the electromagnetic field and by a
strut between the black holes. The strut is described by
a conical singularity with an excess angle which defines
the tension of the strut. The system in the consideration
does not contain any conical singularity on the semiaxes
pointing from the black holes to infinity. The advantage
of this setup is that the length of the strut is finite and
the whole configuration forms an isolated system in an
asymptotically flat spacetime. Thermodynamics of the
compact isolated system in equilibrium is typically very
robust because it does not involve infinite energies, and
parameters of the solution are well defined by conserved
asymptotic global charges.
The system is characterized by 5 independent param-
eters: by masses m, M of the both black holes, by their
charges q, Q, and by a separation parameter R. For this
system we were able to formulate the first law in the form
dH = t ds+ T dS + φdq + Φ dQ− ` dτ . (1.3)
Here, H = M + m is the total mass of black holes, in-
terpreted as a kind of enthalpy of the system. S and
s are entropies of the black holes given by a quarter of
horizon areas, T and t are the Hawking temperatures of
black holes defined in a standard way through the surface
gravity at horizons, and Φ, φ are the electric potentials
at the horizons. The parameter τ is the tension of the
strut and ` is the thermodynamic length of the strut.
Our non-trivial observation is that the Einstein equa-
tions allow this form of the first law, with s, S, t, T , q,
Q, φ, Φ given by the standard definitions, and the last
term is proportional to the variation of the strut tension.
In the next sections we will derive this result, compute a
simple form the thermodynamic length `, and provide a
lucid interpretation for it.
Similarly to the cases discussed above, this result re-
flects a non-trivial nature of the dependence of the to-
tal mass on the thermodynamic quantities. Moreover, it
shows that the quantity naturally complementing s, S,
q, and Q is the tension of the strut τ .
The plan of our work is as follows: First, in Section II,
we describe the system of two black holes and in Sec-
tion III we review its physical characteristics. In Sec-
tion IV, we derive the first law of thermodynamics for
neutral and charged black holes. We interpret the ther-
modynamic length in Section V, and we shortly discuss
the Smarr formula in Section VI. Finally, in Section VII
we summarize and discuss our results.
3II. DOUBLE BLACK-HOLE SOLUTION
An asymptotically flat static solution of Einstein-
Maxwell equations, which describes two nonextreme
Reissner-Nordstro¨m black holes in equilibrium was ob-
tained in an explicit and rather simple form in [34–
38]. Using cylindrical Weyl coordinates the correspond-
ing metric and the electromagnetic vector potential can
be written as
ds2 = −f dt2 + f−1 [h2(dρ2 + dz2) + ρ2 dϕ2] (2.1)
At = −Φ , Aρ = Az = Aϕ = 0. (2.2)
Here f, h and Φ are the functions of the coordinates ρ
and z. The Reissner-Nordstro¨m black holes with mass
and charge parameters M,Q and m, q, and separation
parameter R, are assumed to be localized on a symme-
try axis. Their horizons are represented by coordinate-
singular rods placed on the axis at (zH − Σ, zH + Σ) and
(zh − σ, zh + σ), respectively. The separation parameter
R defines the coordinate distance between centers of both
rods,
R = |zH − zh| (2.3)
The functions f , h and Φ get the simplest form [34,
35, 37, 38], when expressed in terms of the “coordinate
distances” from ends of the rods, cf. Fig. 1:
R± =
√
ρ2 + (z − zH ∓ Σ)2 ,
r± =
√
ρ2 + (z − zh ∓ σ)2 .
(2.4)
The half-lengths Σ and σ of the rods are given by
Σ2 = M2 −Q2 + 2µQ , σ2 = m2 − q2 − 2µq . (2.5)
Here and below we use several constants:
µ =
mQ−Mq
R+M +m
,
ν = R2 − Σ2 − σ2 + 2µ2 ,
κ = Mm− (Q− µ)(q + µ) ,
K∗ = 4Σσ
(
R2 − (M −m)2 + (Q− q − 2µ)2) .
(2.6)
Using these variables one can write the functions f , h
in the form
f =
A2 − B2 + C2
(A+ B)2 , h
2 =
A2 − B2 + C2
K2∗R+R−r+r−
. (2.7)
The potential for the Maxwell field reads
Φ =
C
A+ B . (2.8)
Finally, functions A, B and C are given by the expressions
A = Σσ[ν(R++R−)(r++r−) + 4κ(R+R−+r+r−)]
− (µ2ν−2κ2)(R+−R−)(r+−r−) ,
(2.9)
(ρ, z)
z  + σhz  − σh zh z  + ΣHz  − ΣH zH
r−
r+ R−
R+
R
ρ
z
m, q M, Qτ
FIG. 1. The horizons of black holes in Weyl coordinates ρ, z,
(t = const, ϕ = const) are depicted as coordinate-singular
rods placed on the symmetry axis ρ = 0. The centers of
these rods correspond to the coordinates zh and zH , the half-
lengths of the rods are σ and Σ. The quantities r± and R±
are evaluated as the coordinate distance from the ends of the
rods. They play a role in expressions for the metric functions.
B = 2Σσ[(νm+2κM)(R++R−) + (νM+2κm)(r++r−)]
+2σ
[
νµ(Q−µ)− 2κ(RM−µq−µ2)](R+−R−)
+2Σ
[
νµ(q+µ)− 2κ(Rm+µQ−µ2)](r+−r−), (2.10)
C = 2Σσ[(ν(q+µ) + 2κ(Q−µ))(R++R−)
+
(
ν(Q−µ) + 2κ(q+µ))(r++r−)]
+2σ
[
νµM + 2κ(µm−RQ+µR)](R+−R−)
+2Σ
[
νµm+ 2κ(µM+Rq+µR)
]
(r+−r−) .
(2.11)
The solution describes two black holes when quantities
σ and Σ are real and satisfy the condition
R > Σ + σ . (2.12)
The equality would correspond to the limit of touching
black holes. Negative σ2 or Σ2 corresponds to the pres-
ence of a naked singularity instead of the black hole [36].
III. PHYSICAL QUANTITIES
The described solution has been thoroughly analyzed
in [34–38]. The most of physically interesting quantities
has been calculated and we just list them here.
The total mass of the system is
H = M +m . (3.1)
The areas of horizons of both black holes are
A = 4pi
(
(R+M +m)(M + Σ)−Q(Q+ q))2
(R+ Σ)2 − σ2 ,
a = 4pi
(
(R+M +m)(m+ σ)− q(Q+ q))2
(R+ σ)2 − Σ2 ,
(3.2)
4the surface gravities are
K =
Σ
(
(R+ Σ)2 − σ2)(
(R+M +m)(M + Σ)−Q(Q+ q))2 ,
κ =
σ
(
(R+ σ)2 − Σ2)(
(R+M +m)(m+ σ)− q(Q+ q))2 ,
(3.3)
and the electric potentials on the horizons are
Φ =
Q− 2µ
M + Σ
, φ =
q + 2µ
m+ σ
. (3.4)
The total charges of each black hole are Q and q, re-
spectively. It is not a simple task to identify a mass
of each black hole separately, since one cannot avoid a
non-linear nature of the mutual interaction. But one can
observe a remarkable property that both parameters M
and m satisfy the Smarr relations in the form
M = 2TS + ΦQ , m = 2ts+ φq , (3.5)
where entropies S, s and temperatures T , t of both holes
are defined in the standard way
S =
A
4
, s =
a
4
, (3.6)
T =
K
2pi
, t =
κ
pi
. (3.7)
Therefore, we call M and m masses of the black holes.
Both black holes interact beside the gravitational and
electromagnetic interaction also through a strut localized
on the axis between them. It can be shown that the axis
between black holes is not smooth but contains a conical
singularity. Such a singularity represents a thin physical
source with an internal energy and a tension. These can
be related to the conical defect on the axis [34, 35, 43].
When the angle ∆φ around the axis is smaller than the
full angle ∆φ = 2pi − δ, with δ > 0, the object on the
axis is called the cosmic string. It has a positive linear
energy density ε and a tension µ¯ stretching the string (a
negative linear pressure), which are related to the angular
deficit δ as µ¯ = ε = δ8pi > 0. If the angle around the axis
is bigger than 2pi, then δ < 0, and the object represents
the strut [43]. The strut has a negative energy density
ε and a positive linear pressure τ , which is called also
the tension of the strut. These are related to the angular
excess −δ as τ = −ε = − δ8pi > 0. Intuitively, because of
the equality between linear energy density and tension,
the effective gravitational masses of the string or the strut
vanish. Its influence on a surrounding spacetime is also
special: it effectively causes only the conical defect on
the axis.
The discussed system contains the strut between the
black holes with tension [35]
τ =
κ
ν − 2κ =
Mm− (Q− µ)(q + µ)
R2 − (M +m)2 + (Q+ q)2 . (3.8)
Neutral black holes
For uncharged black holes the quantities described
above reduce to
S = 4piM2
R+M+m
R+M−m , s = 4pim
2R+M+m
R−M+m , (3.9)
T =
1
8piM
R+M−m
R+M+m
, t =
1
8pim
R−M+m
R+M+m
, (3.10)
Q = q = 0 , Φ = φ = 0 , (3.11)
and
τ =
Mm
R2 − (M +m)2 . (3.12)
IV. FIRST LAW
Most of thermodynamic quantities describing this sys-
tem have been known for a long time. The thermody-
namics has been discussed in the context of Majumdar-
Papapetrou solutions describing special cases of extremal
black holes, when the gravity and electromagnetism are
in equilibrium and there are no strings or struts between
them. Thermodynamics of a pair of black holes with
equal masses and charges has been studied in the limit
of large separation distance [27]. In higher dimensional
context and for alternative gravity theories, it has been
studied in [30, 31]. But we are not aware of an exact
formulation of the first law for a simple system of two
black holes with arbitrary masses and charges.
Analogous situations with struts or cosmic strings have
been recently discussed for the case of accelerated black
hole in anti-de Sitter spacetime [5, 15, 20, 21]. It has
been argued that the existence of the string (or similarly
of the strut) implies an additional term in the first law.
Such a term can be tentatively interpreted as a “work”
term ` dµ¯ where µ¯ is the tension of the string and ` is the
thermodynamic length of the string. However, for the
C-metric, the string is infinite and ` must be understood
as a kind of renormalized length.
Following this motivation, we expect that the first law
of the black hole thermodynamics for the double black
hole system has the form
dH = t ds+ T dS + φdq + Φ dQ− ` dτ . (4.1)
To justify this assumption we have to express the total
mass H (or at least its differential) in terms of thermo-
dynamic quantities s, S, q, Q, and τ . All these quan-
tities are related to original parameters of the solutions
m, M , q, Q, and R by formulae (3.2), (3.6), and (3.8).
So, it is enough to take differentials of these quantities,
invert them and express dm, dM , dq, dQ, dR in terms of
ds, dS, dq, dQ, and dτ . Substituting to dH = dm+ dM
5then gives the first law. As a bonus, one derives the co-
efficients in front of the differentials ds, dS, dq, dQ, and
dτ and identifies thus independently the temperatures,
potentials, and the thermodynamical length.
Unfortunately, in the case of two charged black holes
the expressions are too complicated to proceed exactly
along this line. However, for neutral black holes, the
described procedure can be followed exactly.
Neutral black holes
Taking differentials of (3.9) and (3.12), one gets
ds =
8pim
(R−M +m)2
([
(R+m)2 −mM −M2] dm+m(R+m) dM −mM dR) ,
dS =
8piM
(R+M −m)2
([
(R+M)2 −mM −m2] dM +M(R+M) dm−mM dR) ,
dτ =
1(
R2 − (m+M)2)2
(
M
[
R2 −M2 +m2] dm+m(R2 +M2 −m2) dM − 2mMRdR) .
(4.2)
Solving for dm, dM in terms of ds, dS, dτ , we get
dm =
2R−m
8pim(2R−M−m)
R−M+m
R+M+m
ds− m
8piM(2R−M−m)
R+M−m
R+M+m
dS − (R+M−2m) R−M−m
2R−M−m
R2−(M+m)2
R2−(M−m)2 dτ ,
(4.3)
dM =
2R−M
8piM(2R−M−m)
R+M−m
R+M+m
dS − M
8pim(2R−M−m)
R−M+m
R+M+m
ds− (R−2M+m) R−M−m
2R−M−m
R2−(M+m)2
R2−(M−m)2 dτ .
Substituting to dH = dm+ dM , we obtain
dH = t ds+ T dS − ` dτ , (4.4)
where the temperatures t and T are indeed given by for-
mulae (3.10) and the thermodynamical length ` of the
strut is
` = (R−M −m)R
2 − (M +m)2
R2 − (M −m)2 . (4.5)
We thus confirmed that the set of thermodynamical ob-
servables s, S, τ leads to the Hawking temperatures t, T
for the both black holes.
Charged black holes
Calculations in the case of charged black hole is much
more complicated. Fortunately, we know the expected
form of the first law (4.1), as well as temperatures (3.7),
(3.3) and potentials (3.4). The only missing quantity
is the thermodynamical length `. To find it, we can
compare dH− t ds− T dS − φdq − Φ dQ with dτ . The
non-trivial fact proved in the calculation is that these
differentials (expressed in dm, dM , dq, dQ, dR basis) are
indeed proportional. It justifies that the choice of the
temperatures and potentials is correct.
However, the proportionality factor was a horribly
complicated expression at the first glance. Nevertheless,
we were able to extract this factor in a reasonable form
by a tedious computation. Namely, we obtained that the
thermodynamical length in the charged case is
` = (R− Σ− σ)ν − 2κ
ν + 2κ
= (R− Σ− σ) R
2 − (M +m)2 + (Q+ q)2
R2 − (M −m)2 + (Q− q − 2µ)2
= (R− Σ− σ) (R
2 − (M +m)2 + (Q+ q)2)2
(R2 − σ2 − Σ2)2 − 4σ2Σ2
=
(R2 − (M +m)2 + (Q+ q)2)2
(R+ σ − Σ)(R− σ + Σ)(R+ σ + Σ) .
(4.6)
Independently of a derivation of `, with all expressions
for the quantities in the first law in hand, one can check
by a brute force that the first law is indeed satisfied—and
verify thus the expression for `. This check involves again
lengthy calculations and it has been done using algebraic
manipulations on a computer.
Because the new term associated with the strut has
form ` dτ , i.e., it contains the differential of the intensive
observable τ , the thermodynamical interpretation of the
total mass is closer to an enthalpy than to an inner en-
ergy. We anticipated that already by choosing the letter
H for the total mass. The situation is analogical to the
case of the cosmological constant discussed in Section I,
only in this case we deal with a linear pressure and length
instead of a pressure and volume.
Note, however, that we obtained an opposite sign in
6m, q M, Q
h
h H
H
t
t+∆t
∆A
FIG. 2. A schematic conformal diagram of the axis between
black holes. The static domain between both holes is bounded
by horizons h and H. The orbits of the Killing vector ∂t are
indicated by lines with arrows. The worldsheet of the strut
between two time lines t and t+ ∆t is in grey. It is spanned
from the bifurcation neck of one horizon up to the bifurcation
neck of the other horizon and it has area ∆A. The zig-zag
lines represent singularities inside black (and white) holes.
front of the tension term than one would expect from the
ordinary physics analogy. Indeed, the total mass H, as
well as both individual masses m and M , decrease when
enlarging the tension, with the entropies and charges
fixed. In the uncharged case the variation of the indi-
vidual masses can be seen in the formulae (4.3).
V. THERMODYNAMIC LENGTH
The thermodynamic length (4.6) is always positive,
provided that the condition (2.12) is satisfied. It van-
ishes for R = Σ + σ, i.e., in the limit when the horizons
touch.
However, ` is not the proper length between horizons
of black holes. Such a length can be obtained by the
integration of the length element along the axis and leads
to elliptical integrals in parameters of the solutions.
It was actually Don Page, who in a discussion about
meaning of the thermodynamic length suggested, that `
could be the length defined using the strut worldsheet
area. This conjecture has turned to be true.
The area of the worldsheet of the strut between hori-
zons during the static time interval ∆t, cf. Fig. 2, is
∆A =
∫
strut
dA =
∫ t+∆t
t
∫ zH−Σ
zh+σ
h dzdt . (5.1)
It is straightforward (but lengthy) to show that the met-
ric function h on the axis between black holes is constant
and given by
h
∣∣
strut
=
ν − 2κ
ν + 2κ
. (5.2)
We thus obtain, that the thermodynamic length is given
by the strut worldsheet area per unit of Killing time,
` =
∆A
∆t
. (5.3)
VI. SMARR FORMULA
The separate Smarr relations (3.5) can be combined to
the full Smarr formula [44]
H = 2ts+ 2TS + φq + ΦQ . (6.1)
It does not contain any term related to the strut. It
is not surprising since the terms in the Smarr formula
depend on scaling properties of the involved variables. If
the total mass scales as
αpH(X1, X2, . . . ) = H(αp1X1, αp2X2, . . . ) , (6.2)
it implies the Euler formula
pH(X1, X2, . . . ) = p1 ∂H
∂X1
X1 + p2
∂H
∂X1
X2 + . . . , (6.3)
where the partial derivatives ∂H∂Xi can be identified from
the first law. In our case, scaling length by α, the mass
H = m+M scales as α1, entropies s, S scale as α2,
charges q, Q as α1, and the tension τ as α0, i.e., it re-
mains unscaled. These scaling exponents lead exactly
to the Smarr formula (6.1) without any tension-related
term.
VII. SUMMARY
We have been able to formulate the first law for the
double charged black hole system in the form (4.1). The
missing ingredient was the term related to the strut be-
tween black holes. We have found the observable ` con-
jugated to the tension of the strut, which we call the
thermodynamical length of the strut. It turns out that it
is the strut worldsheet area per unit of Killing time. It is
always positive, vanishes when the black holes touch and
grows to infinity when the black holes are far away and
the tension of the strut becomes negligible. It is propor-
tional to the coordinate distance R− σ − Σ between the
horizons with the coefficients of proportionality given by
the metric function h evaluated on the strut.
We interpret the terms in the first law (4.1) as “heat”
terms associated with horizon areas and “work” terms
associated with electromagnetic field and with the strut.
Since the strut term has form `dτ , the total mass plays
a role of the enthalpy in variable τ .
We should notice that the first law contains two heat
terms TdS and tds associated with two black holes with
different horizon temperatures. This is not an unknown
situation in the equilibrium black hole thermodynamics.
In all situations where the static domain of the observer
is bounded by two horizons, one associates temperatures
and entropies with the both horizons. The simplest ex-
ample is the Schwarzschild-de Sitter black hole. Here the
static domain is bounded by the black hole horizon and
the cosmological horizon [45].
It should be also noticed that the temperatures of both
holes are not the same. Again, it is similar to other cases
7with two horizons, e.g., to the mentioned Schwarzschild-
de Sitter case. Yet, the spacetime around the black holes
is static and thus in a classical equilibrium. Moreover, the
time Killing vector ∂t is a generator of both horizons.
The discrepancy in temperatures is related to the fact
that on the classical level (without taking into account
the Hawking radiation) we do not have an agent which
would restore the thermal equilibrium.
Although the interpretation of various terms in the first
law for a pair of black holes may be open to a discussion,
the fact that it can be formulated in the presented form
is non-trivial. The derived thermodynamic length ` sup-
plements other thermodynamical quantities and makes
thus the thermodynamical description complete.
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